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| w= Ringel X/a
$aXDKEa Ringel-Hall X:%C2X:$-%Cay$\g'E2$QX:$-%CG&%Cap0*;E,'xt&X:X3ja 	$WtX= tubular X:a HallX:'x&X:Xh8;j#=℄f'℄rGj?*a 	  Hall X:G℄E}C%C; HallX:'x&X:&X:	R%bx\mFg$J(<}J%kE'Gj*qsVal%<b(69ja$ XG*?<3a*qfw℄J( 2- ^&X:a\x-R'x ,E Saito-Yoshii .0ta 2 ^&X:6 - da Ringel-Hall &X:6 - da cocycle ,l0a 2- ^&X:G 2-toroidal &X:R%aNr8(J/
Yamada ;kh%Ya^&X:f℄*; 2-^&X:G 2-toroidal&X:aR%r8X T(2,2,2,2),
T(3,3,3),T(4,4,2),T(6,3,2)  tubular X:aWE><&X:%YX:dRhR%D{8a D4, E6, E7, E8 Z&X:(a+Q4℄q: ri, E
D4 aN'x ,f=℄4vIC n-toroidal &X:a'x ,E; cocycle  ,'x
n-toroidal &X:a'Æ zV-46 - day3B*;fw℄aR%r8n= tubular mutation ℄Ea 2- ^&X:a'$	R%V-^
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Abstract
The theory of Ringel-Hall algebra was first introduced by Ringel in early
nineties of last century, which is one of the important developments of reprensen-
tation theory of algebras. Ringel-Hall algebra establishes a beautiful relation
between representation theory of algebras and Lie theory, so that we can re-
alize quite a few Lie algebras and quantum groups. This article concentrates
on realization of Lie algebras via Hall algebras of tubular algebras and its
application, which includes four chapters altogether.
In the first chapter, we give a brief introduction of recent developments
in Hall algebras, derived categories, realization of Lie algebras via Hall alge-
bras, automorphisms of Lie algebras, and so on. In particular, we list some
concepts and theorems which are closely related to this article, and describe
our main results and the relation between our work and others.
The second chapter recalls some different realizations of 2-extended affine
Lie algebras and their isomorphic respondences, which includes 2-extended
affine Lie algebras in the sense of Saito-Yoshii, Ringel-Hall Lie algebras in
the sense of Lin-Peng, 2-extended affine Lie algebras defined by cocycle and
2-toroidal Lie algebras. Then we also recall extended affine Lie algebras
constructed by vertex operators by Yamada.
With the aid of the isomorphic respondences between 2-extended affine
Lie algebras and 2-toroidal Lie algebras, the third chapter construct quotient
algebras of degenerate composition Lie algebras of tubular algebras of type
T(2,2,2,2),T(3,3,3),T(4,4,2) and T(6,3,2). Then it is proved to be isomorphic to the
responding simple Lie algebras of type D4, E6, E7 and E8. In the end we give
an explicit realization of simple Lie algebras of type D4 by computing the
coefficients.
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algebras and give a general approach to realize n-toroidal Lie algebras by
cocycle, which generalize the relavant results of Lin-Peng. Then we take
advantage of the isomorphic respondances of chapter two to generalize the
automorphism of 2-extended affine Lie algebras obtained by tubular mutation
to n-toroidal Lie algebras. In fact, the class of automorphisms is induced by
imaginary roots. At last, we discuss another class of automorphisms induced
by real roots of n-toroidal Lie algebras.
Key words: tubular algebra; Ringel-Hall algebra; derived cat-
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?F &= 2 <A A- U}CrD N1, · · · , Nt,M ∈modA,  FMN1,···,Nt 2 M at?/a:
M = U0 ⊇ U1 ⊇ · · · ⊇ Ut = 0)_ Ui−1/Ui ∼= Ni, 1 ≤ i ≤ t. J%e FMN1N2 2 M aU U a:ht U ∼= N2 (q M/U ∼= N1. lK: FMN1N2 a modA tU N1, N2 < M a
Ringel-Hall :r	. M ∈ modA, ^ [M ] a M aR%$ H(A) 2, {u[M ]}M∈modA aRa	= Z- UX H(A) l0>z




MNu[L]. [ H(A) <a'WZfJay>X: (G),:a Aa (b)Ringel-HallX:g: HallX:̂ C(A)2= {u[S]|S2ZA−U}  <a H(A) aX::a (b) ><X:
HallX:G><X:a52X:$-Cay$\$\a - HallX:_^a 	vqX Hall X:G&X:3℄E}Cgf.qa 	%Ex4a<34vRingel X 1990 adR4[ A 2?yH k a Dynkin )IX:%[ |k| xD 1 %Hall X: H(A) 	R%D{8Z&X:a~DX:a/PviUa-z$-B%<afXpITt	R%D{8Z&X:a/ [Rin1,Rin2]. XNRH Ringel KE2,Q4 Hall X: z|'xb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yV\2 Happel a℄E}C%C℄E}C28X:\=a 	$<x\v}lKB
(a A.GrothendieckX/a;$aXKE4℄E}Cab ([Gr]). A 2' Abel }CK(A) 2 A aÆ}C3RX}C D(A) <6 Q : K(A) → D(A) E

(1) r	.a℄R% f, Q(f) 2R%	












?F &= 3' Abel }Ca℄E}C2RXaqX}Cbe.0t2`'ahq%Y2 A.Grothendieck a J.L.Verdier [<a 1963 a Verdier ℄E}Ca[Xq"%EKE4q}Cab [Ver], (*;ÆaR}Ca/Em-4℄E}CaR%C?ybX:a℄E}C%C2 D.Happel4vL-a [Hap1,Hap2]. Happel>4?ybX: AaU}CmodAa?{Æa℄E}CN% Db(modA)
∼= K−,b(PA). DdR4sX:a℄E}CG)IX:a℄E}CbeqsUl4{8abe6a  Happel < Ringel [D4)IX:sX:< tubular X:a℄E}Cay% [Hap2,HR].
Tubular X: A 2'^a T(r1,r2,···,rt) a tame concealed X:a
tubular ^_' (r1, r2, · · · , rt) a (2, 2, 2, 2), (3, 3, 3), (4, 4, 2) Q (6, 3, 2).Ra tubular X:2sQEsbeB,EK?{Ra℄E}C [Hap1].r}C A a'}C D, ^ 〈D〉 a5 D a*Dh<hTa A a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E4{8&X:aar8 [PX1,PX2,PX3]. 2003a6Z - d.*; tubular X:a}Ca Ringel-Hall X:'x4
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B℄aa4nN$	R%V-^ n-toroidal &X: τn auÆlKJ( τn G i.m. X:a*qPvzl τn a'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℄^} 2- d~_kfWo
§2.1 Saito-Yoshii oq^! 2 :,K>Q(r2.1.1  g 2H K a3fq g t?;z: (x, y) 7→ [x, y]E
t5Pj
(1) [x, x] = 0, ∀x ∈ g
(2) [[x, y], z] + [[y, z], x] + [[z, x], y] = 0, ∀x, y, z ∈ g[: g aH K a&X:l0taPj (2) :a Jacobi b, F 2':H R ?yb3f (-,-) 2 F [TT%;
l+, l0, l− ^ (-,-) a7Jaia:: (l+, l0, l−) a (-,-) a	94(r2.1.2  F 2':H R?yb3fF aW R:a*D (-,-)aq R E
t5Pj
(1) R ^< F ;
(2) 0 /∈ R;
(3)	. α ∈ R,RX F a| rα, rα(λ) = λ− 2(λ,α)(α,α) α,)_ rα(R) = R;
(4) 	. α, β ∈ R, 2(α,β)
(α,α)
∈ Z;
(5)  R = R1 ∪ R2, q R1 ⊥ R2, [ R1 = ∅ Q R2 = ∅.d (-,-) 2laY l− = 0.  l0 = 0, [ R 2?yq	
l0 = 1, [ R 2q(r2.1.3[Sai] q R :a^q l0 = 2 q l− = 0. 'Æe R:a k− ^q l0 = k ≥ 2 q l− = 0.^q2wOlq radical apa 2 aqa 	eNai3<Æ%C K.Saito }4^q(;XM















































































2 [i = j
−1 [i, jgfRX'P'z
2 [i, jgfRX2Pz
0 [G I {8a`2Epa 2 al`lK:aXM Cardan `l0 F a| wαi, wαi(αj) = αj − I(αi, αj)αi. [ w2αi = idF , I ◦wαi = I. ^
W a= wαi, 1 ≤ i ≤ n,  <a Weyl 9 Rre = Wπ, [ Rre 27D (F, I)a-0q:a Saito .0taXMqQ'W Q = Zπ = ∑ni=1 Zαi,: Rim = radI(−,−) ∩Q \ {0} aW g 2=t5 << <*q <a&X: < {αi|1 ≤ i ≤ n},{e±i|1 ≤ i ≤ n} <*q
(1) [αi, αj] = 0, 1 ≤ i, j ≤ n
(2) [ei, e−i] = αi, 1 ≤ i ≤ n
(3) [αi, ej ] = I(αi, αj)ej , i, j = ±1, · · · ,±n, ht α−i = −αi
(adei)
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(5) [e1, en, ei, ej ] = 0, [e−1, e−n, e−i, e−j ] = 0





nj: g a Saito-Yoshii .0ta 2- ^&X:w g ?tN	O





1 α ∈ Rre
n− 1 α ∈ Rim
n α = 0
0 [9 h = Qπ, [
g = h⊕α∈Rre gα ⊕β∈Rim gβ.





























α1β1 + α2β2 + α3β3 = 0,
α1β1 + λα2β2 + α4β4 = 0,









































α1β1 + α2β2 = 0,
α1β1 + α3β3 = 0;
T(4,4,2):
α1β1 + α2β2 = 0,
























































α1β1 + α2β2 = 0,
α1β1 + α3β3 = 0;
l tubular X: A, Ea℄E}C Db(A) 2 modA aR}C4/E_^aq}Cq?	R%6 T . A a}C R = Db(A)/T 2 %2'q}Cl X, Y, L ∈ R, ^ W (X, Y ;L) = {(f, g, h) ∈ Hom(X,L) ×
Hom(L, Y ) × Hom(Y, TX)|X f→ L g→ Y h→ TX2q}. > Aut(X) ×
Aut(Y ) X W (X, Y ;L) a;
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